Abstract. In this paper we give two di erent variational characterizations for the eigenvalues of H + V where H denotes the free Dirac operator and V is a scalar potential. The rst one is a min-max involving a Rayleigh quotient. The second one consists in minimizing an appropriate nonlinear functional. Both methods can be applied to potentials which have singularities as strong as the Coulomb potential.
-Introduction.
The Dirac operator is a rst order operator which has the form H = ?ic h~ r + mc All throughout this paper, we shall work with a system of physical units such that m = c = h = 1 .
In this paper we are interested in perturbed Dirac operators of the form H +V , V being a scalar potential. Our goal is to nd variational characterizations for the eigenvalues of such operators. We hope that our results can be of some interest in a priori estimates, as well as practical computations of atomic energy levels. One expects the eigenvalues of H + V to be critical points (in an appropriate sense) of the Rayleigh quotient R V (') := ((H + V )'; ') ('; ') ; where ( ; ) denotes the inner product in L 2 (IR 3 ). If H + V were bounded below, like Schr odinger operators ? ? Z=jxj for instance, minimizing the above quotient would give the least eigenvalue (ground state energy). This standard approach fails for Dirac operators: for physically relevant potentials V , the Rayleigh quotient is neither bounded from above nor from below (for instance, see 20] ). This is the main di culty we have to face.
Many e orts have been devoted to the characterization and computation of Dirac eigenvalues. Some works deal with approximate potentials acting on 2-spinors. The idea is to write Dirac's equation for the upper spinor in by performing some adequate transformation. Then, di erent procedures have been produced to nd approximate Hamiltonians, which \become exact" in the nonrelativistic limit. For references in this direction see, for instance, Durand 13], Durand-Malrieu 14], van Lenthe-Van Leeuwen-Baerends- Snijders 24] .
Other approximate Hamiltonians are constructed by using projectors. One of the rst attempts in this direction was made by Brown and Ravenhall. Tix 32, 33] proved that the operator B Z is strictly positive for Z Z c (see also ). Note that the integer part of Z c is 124, strictly below the critical value Z = 137, for which the rst eigenvalue of the DiracCoulomb Hamiltonian H ? Z =jxj vanishes (see for instance 28, 31] '6 =0 ((H + V )'; ') ('; ') : (1.8) Here, Y are the spaces (H   1=2   (IR   3   ) ). The following result was announced: for a class of potentials that includes the Coulomb potentials ?ajxj ?1 (0 < a < 1=2) , k is the k'th positive eigenvalue of H+V (counted with multiplicity). These values of a correspond to one-electron atoms of atomic charge Z 68.
Recently, Griesemer and Siedentop ( 17] ) proved a general minimax theorem on the eigenvalues in a spectral gap of an abstract operator. As an application, they prove that under appropriate conditions on V , the sequence k de ned in (1.8) coincides with the sequence of positive eigenvalues k of H + V . The method of proof in 17], as well as the class of potentials V to which their theorem applies, seems to be quite di erent from ours: in the case of Coulomb potentials, they only prove that k k . Another interesting result in 17], is that Talman's approach, slightly modi ed, is indeed mathematically correct for a large class of bounded potentials.
In Section 2 of the present paper, we state and prove some technical results on the Dirac operator. Sections 3 and 4 deal with two variational characterizations of the eigenvalues.
Section 3 is devoted to the study of the minimax procedure (1.8 We are now able to treat all a < 2=( =2 + 2= ) 0:9 . This corresponds to an atomic charge Z up to 124. The proof is almost the same for these strong elds, we simply replace Hardy's inequality by the very precise estimates of Tix 32, 33] and .
The minimization method introduced in Section 4, follows a completely di erent idea. In a sense, J + seems to contain information related to the exact projector + V in an implicit way. Note that the idea to build a semibounded energy functional had already been introduced by Bayliss 
-Minimax characterization of Dirac eigenvalues
This section is devoted to the proof of a minimax characterization for the positive eigenvalues of H+V . More precisely, let us de ne the nondecreasing sequence f k g by '6 =0 ((H + V )'; ') ('; ') :
Then, we have the following :
Theorem 3.1. Let V be a scalar potential satisfying assumption (H1). Assume also that V 2 L 1 (IR
Remark. As it is clear from (3.1), all the eigenfunctions of H + V corresponding to the eigenvalues k have Morse index equal to +1 as critical points of the Rayleigh quotient.
The proof of Theorem 3.1 will be carried out after we prove some technical auxiliary results. Case k > 1 : Assume that we have already solved the min-max problem corresponding to i ; 1 i k ? 1 and let ' i be the corresponding eigenfunction. If F n is a minimizing sequence for k and ' k;n the corresponding maximizer given by Lemma 3.4, we normalize it to have jj' k;n jj = 1 and as above, the Euler-Lagrange equation satis ed by ' k;n is (H + V )' k;n = k;n ' k;n + f n ; (3.23) for some f n which is orthogonal to Y ? F n for the duality product in H ?1=2 H 1=2 and lim n k;n = k : If k?1 < k , then we follow the same steps as in the case k = 1 to conclude that the weak limit in Y of ' k;n is a function ' k satisfying (H + V )' k = k ' k ; ' k 6 0 ; and therefore, ' k is a solution for the min-max problem de ning k . Note that the only important change that we make here is to replace G t with a similar subspaceG t := spanf' 1;n ; : : : ; ' k;n ? t n g.
If, on the contrary, k?1 = k , let us then de ne`as the largest integer in the set f1; : : : ; kg such that `< k . Hence, `+1 = k?1 = k and we can nd a subspace G n of F n \f'`+ 1 ; : : : ; ' k?1 g ? , of dimension`+1, which is minimizing for `+1 . So, as in the preceding case, we nd a function ', where g E = E + 2 ? V . Now, we make the following change of function : ' = p g E which is well de ned (for V 0 and E > ?2). From (4.3) we obtain
and we notice that the operator acting on in the left-hand side of (4.4) We notice that since E has to be real, (E; ) must be nonnegative for all the functions which we will be considering. Also, for 6 0, T(E; ) 0 It is also possible to replace a single singularity of V at the origin by several isolated singularities. Let us now derive some implications of asumptions (J1)-(J3) which will be useful in the sequel of the paper. with lim n!+1 r n = 0 . By using (J3) we nd : En+2+anjWj + r n a n M W min an an+1 ; 1 2+an` + r n a n ) is " 0 := 0 " . For " small enough, we obtain: ( n ; n )(J 2 n + 2J n ) ? 2(J n + 1)( " n ; V " n ) + ( " n ; V 2 " n ) ? ( " n ; H E 0 " n ) > C" where C is a negative constant independent of n and ". Then, we use the lower semicontinuity in X of the quadratic form and (E 0 ; 0 ) is a minimizer for E 0 .
Step 3 : Constraint saturation.
Under our assumptions, it is straightforward to see that if (E 0 ; 0 ) is a minimum of problem ; a ) is a solution of equation (4.4) .
The map a 7 ! I aW 1 is continuous. Assume, by contradiction, that I A 1 W 1 = 1 for some A 1 < 1 . Then, there exist E n 2 (?1; 0); a n ! A 1 and ' n in X 0 such that J + (E n ; n ) E n and eigenvalue of H ? a n W 1 smaller than the minimum eigenvalue of this operator, a 1 . So, up to subsequences one must have lim n ( n ; n ) = 0 : (4.45) Let us show that this is also impossible and so we will have proved that 
